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A study of the spin-pair Hamiltonian with regard to the effective g-factor in the strong isotropic
exchange limit is presented. The case of two different spins with anisotropic g(?) and D(i) tensors is
considered. Effective g8 and Ds tensors for the various total spin S values are deduced in terms of
the corresponding single-ion parameters. The characteristics of the resultant gs-tensor, in the case of
an ion-pair with C, symmetry, are treated in detail. The principal values are linear expressions of
the single-ion principal values and the principal directions relative to different S values result to be
correlated in a characteristic manner. The limits of the present strong exchange treatment are also

discussed.

In the last years, an increasing number of authors
have studied the E.S.R. spectra of ion pairs?!. Such
studies give in general information about the mag-
nitude and the nature of the magnetic interaction
between the ions. Often it is possible to relate the
pair data to appropriate single-ion models, and so
to obtain informations on the local symmetries and
the covalent character of the bonds in the single
complex ion 2.

As regards the g factor, Pryce first discussed the
pair problem in his well known study on the penta-
hydrated copper sulphate complex 3. It results that,
in the strong isotropic exchange limit, the spectrum
is characterized by an effective g tensor, mean of
the single-ion tensors g7, that is

8=} (g5 +958), &, f=2.y,z2.
This expression is not general; it is valid only for
equal spins. The case of two different spins has been
treated under the simplified assumptions of isotropic
g or with parallel principal axes only *.

It is interesting, in principle, to study the case of
non coincident axes, because significant angular
correlations between single-ion and pair tensors
could exist. Furthermore, the literature is rather
contradictory about the dependence of the effective
g on the single-ion g factors. In fact, quadratic forms
are usually assumed, though a linear dependence
appears more appropriate in the strong exchange
limit 377,

The clarification of this subject could allow, in a
larger number of cases, to deduce single-ion pa-
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rameters from experimental data on crystals with
strongly coupled ions.

In the present paper a study of the spin-pair
hamiltonian with regard to the resultant g tensor,
in the strong isotropic exchange limit, is presented.
For each value of the total spin, an effective spin
hamiltonian, fitting the E.S.R. spectrum, has been
deduced. The spectroscopic splitting and fine-struc-
ture tensors of the resultant spin have been related
to the single-ion parameters of two dissimilar ions.
As an example, the tensorial character of ¢ for ion-
pairs with C, symmetry (the two ions in the plane)
has been studied and some implications have been
deduced. Finally, the limits in which the present
treatment in terms of total spin is applicable, are
discussed.

1. Spin-pair Hamiltonian

At first we consider the spin hamiltonian for a
pair of different ions, with zero nuclear spins, i.e.
in the absence of hyperfine interaction. Limiting the
attention to ions in orbital singlet states with spins
S, and S, , the pair energy can be written 8 9

szsl'82+Q' (SIXS2)
+ﬂHg(1).S1 _}_IBI-I.g'(‘.Z).S2 +S1'D(1)'S1
+S2'D(2)"S2+S1'A'Sz (1)

where D@W, D® and A are symmetric and traceless
tensors. The first term represents the isotropic ex-
change and is assumed to be the preponderant
energy. The second term is the so called skew-sym-
metric exchange and can be absent under particular
conditions of symmetry. The following two terms
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represent the interaction with the external magnetic
field. The last three represent the fine structures of
the two ions and the anisotropic exchange 1°.

The large isotropic exchange couples the spins to
give a number of manifolds each characterized by a
total spin S=|8; -S|, |S;—Se}+1;...,8,+8S,.

According to the Landé rule, their energies are
E;=3J[S(S+1) =81 (S;+1) =S2(S:+1)]1. (2)

Neclecting terms of order Q2/J, DW2/], ... etc., that
is all the matrix elements between different mani-
folds, a spin hamiltonian for each value of the total
spin can be deduced

Hs=,3H'gs'S+S'D5'S, (3)
where
gap=A°(1) g3 + A°(2) 957 (4)
2 =B (1,1) DY + B*(2,2) D + B*(1,2) 45,
(5)
with

A*(1) +45(2) =1,
Bs(1,1) +B*(2,2) +2B(1,2) =1,

and explicitly

A(1) = [S(S+1) +S,(S;+1)
—8,(S,+1)1/28(S+1), (6a)

Bs(1,1) ={3[S(S+1) +S5;(S;+1) —S5(Ss+1)]>
~3[8(S+1) +5;(S; +1) —Sp(Sa+1}]
—4S5(5+1)S,(S;+ 1)}/
25(S+1)(2S-1)(25+3),

B:(1,2) ={S2(S+1)2—-3[S;(S;+1)
—S3(Sa+1)12+28(S+1)[S;(S;+1)
+8,(S.+1)1}/
25(S+1)(25-1)(25+3). (6¢)

A%(2) and B*(2,2) are obtained in permuting S,
and S, in 4%(1) and B®(1,1) respectively.

Obviously, Eq. (3) reduces to the only Zeeman
part for S=1/2. In the case of S;=3S,, one ob-
tains the well known Pryce?® and Judd-Owen!? ex-
pressions.

In the above mentioned limit of strong isotropic
exchange the skew-symmetric exchange becomes ir-
relevant 1415 as can be seen from Equations (2)

to (5).

(6b)

2. The g* Tensor in a C, Pair

To study in more detail the tensorial character of
the gyromagnetic factor, we refer to the simple case

of a pair with C, symmetry (the two ions in the
plane).

We assume that the gV and g tensors are
symmetric 1® and that the corresponding in-plane
principal directions form an angle 7. This angle
can, in general, be estimated from the structural
data of the pair. If R; and R, represent the rota-
tions (around the z symmetry axis) which connect
the pair reference frame z, y, z to the principal
directions of the two ions, in Eq. (4), for the i-th
ion, we can write

91(2) 0 0
g'-R| 0 &% o IR ()
0 0 93([)

where the g, are the principal values.

It can easily be seen that the principal in-plane
directions of the resultant g° tensor form angles ¥,
and @, with the corresponding directions of g
and g® respectively, such that

sin2d, _ A(2) 9% -g,® 8)
sin2¢@,  A%(1) g,V —g,»”’
where ¢; =17 — 9. The principal values result to be
g1* = A*(1) (9;V cos? P + g,V sin® ;)
+4°(2) (91® cos* @, +9.@ sin* ) , (9a)
gs° = A%(1) (g,V sin® ¥, + g, cos® Jy)
+A4°(2) (9, sin® ps + go@ cos? ) , (9b)

9 =g = A WgV + A2 ® . (90)
As evident from Eq. (8), there is a g,”-independent
correlation among the principal directions relative
to different values of S. Namely

sin2dy  A¥(2)A4%(1) sin2 ¥

sin2@,; A9 (1)A%(2) sin2q, "

In the case of S;=3S,, the directions of the resul-
tant @* tensor (the same for each S value) depend
only on the in-plane g anisotropies. For different
spins, a considerable disalignment among the vari-
ous @° tensors could result. For example, in the
hypothetical case of a pair with S;=1, S,=1/2
and 7 = /4, from Eqs. (8) and (10) one obtains

193'2~—201/3~0 fOI' k~0,

193/2/\4 130, ’01/2'\/ —-70 fOI' k~1,

193Jg~ 390, ”(91/3~ = 340 for k~10 >

g0~ —Fyp~afd for k~ oo,

where k= (g,® —g¢,?)/(g;® —g,). Obviously,
negative i values correspond to directions outside
the 7 angle.

(10)
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3. Discussion and Conclusions

In the strong isotropic exchange limit, the E.S.R.
spectrum of two coupled dissimilar ions tends to be
characterized by effective g° and D* tensors, related
to g0 and D single-ion tensors and to A inter-
action according to Equations (4) and (5).

In the case of isotropic g*) and ¢g®, the weighted
mean results:

F=A(1) gV + 45(2) g . (11)

Only if S; =S, (or, as a trivial case, if g =¢®)
one has the S-independent formula of Pryce 3.

The effective g° values can be remarkably differ-
ent from the arithmetical mean of g and ¢®. An
example is reported by Baker et al.18. In tungsto
heteropoly complexes, Co3" (S;=2,¢g" ~2) and
Co®*(S,=3/2,9® ~2.3) couple to give a ground
magnetic doublet with g'/2=1.7 according to Equa-
tion (11). In the low temperature limit, for anti-
ferromagnetic coupling (S=S;—3S,, with §;>35,),

g=[(S;+1)gV—S,9@]/(S; -8, +1),

is obtained, and for ferromagnetic coupling (S=
S;1+S3)
9=(519Y +5:9®) /(51 +5,) .

This last result coincides with the semiclassical ex-
pressions of Wangsness 1%, obtained from the equa-
tions of motion of the magnetization.

As regards the tensorial character of g°, one can
see from Egs. (9) that, when the spin difference in-
creases, the principal values approach those of the
g9 relative to the ion with the greater spin. The
directions of the principal axes will be closer to
those of the ion with the greater spin or with the
more anisotropic g, according to Equation (8).
Moreover, Eq. (10) could allow significant experi-
mental verification, since it is independent on pos-
sible uncertainties on the ¢ values of the single-ions
within the pair.

It is interesting to observe, from Egs. (9), that
the principal values of @® are linear expressions of
the single-ion principal values g,). As an example,
in the case of similar ions with axial symmetry
(51=5:, 9V =9,® =gy, sV =9, =g)) they
are: ¢,°=g) cos>? +g, sin??, etc., where 29 is
the angle between the ions. Hence, there is a signifi-
cant difference from the single-ion g values in the
bisecting directions, i. e.

gV (F) =g® (¥) = [g;% cos® I + g, 2 sin® F] 172,
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etc. The last expressions are commonly used$ 7.
However, when the single-ion g anisotropy is small,
there is no appreciable numerical difference.

The actual possibility to measure g° depends, ob-
viously, on the value of the resultant fine-structure.
In fact, when D3>h v, not all of the spectral com-
ponents can be observed. Furthermore, for large
values of the fine-structure constant, the spectrum
can be interpreted in several cases only on the
basis of effective spins and effective g values differ-
ent from the true ones. Such difficulties disappear
when the fine structure splittings are comparable or
small with respect to the Zeeman energy. In this
latter case, we can write

D:’z’

Hs=gBHS, + 5 [3S2—S(S+1)]+...

(12)

off-diagonal terms,

where z" is the Zeeman quantization direction and

lg-H|

$="F > (13)
., HgD-gH
Dzz (gsH)z (14‘)

As evident from Eq. (12), if the perturbative hypo-
thesis is valid, g% can be directly deduced from the
centre of the spectrum relative to the total spin S
value. To neglect the off-diagonal terms means to
ignore corrections to the ¢° value of the order
(Ds[hv)2.

Let us discuss now the consistency of the two
assumptions made, that is: isotropic exchange large
enough to couple the spins and fine-structure split-
tings small enough to allow the interpretation of the
E.S.R. spectra by means of the total-spin hamilto-
nians of Equation (3). The condition for the spin
coupling, and therefore for the averaging effect on
the single-ion g tensors, is

171> 81(g® - g®) H|~ (dg/g)hv.  (15)
However, when the exchange is very strong, large
fine-structure constants may result. In fact, the con-

tributions to the pair fine-structure constants are due
to:

1) The local crystal field D® and D® splittings
which, on the other side, could be zero (d!, d°
configurations), or very small (d3, d° configu-
rations) or also do not at all contribute
[B*(i,i) =0 for particular values of S;, S, and
S, see for example Reference 2°].
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2) The dipole-dipole interaction, of order g g® 2/
r3, which we can assume perturbative compared
with the Zeeman interaction, at least as far as
the inter-ionic distance is not too small.

3) The pseudodipolar interaction, due to the con-
comitant presence of spin-orbit coupling and
isotropic exchange 2. Contrary to the preceding
ones, this interaction tends to diverge with J.

Considering only atoms in orbital singlet states
and with spin-orbit coupling small compared with
crystal-field splitting, the condition for the fine
structure becomes

h 4 2 D(l), D(2)7 Adip-dip ’ Aps.dip v (Ag/g)2 j J \ .
(16)

Therefore, from Eqgs. (15) and (16), the best range
for the exchange value is

(dg/g)hv < |T| < (g/49)2 k. (17)

Evidently, the smaller the difference between the
single-ion Zeeman energies, the larger is this range.

! Jons and Ion Pairs in Organic Reactions, M. Szwarc
(Ed.), Wiley, New York, 1 [1972].

2 G. Amoretti and V. Varacca, J. Chem. Phys. 61, 3651

[1974].

M. H. L. Pryce, Nature, London, 162, 539 [1948].

G. F. Kokoszka, Coordin. Chem. Rev. 5, 209 [1970].

D. L. Huber, Phys. Rev. B 12, 31 [1975].

H. Abe and K. Ono, J. Phys. Soc. Japan 11, 947 [1956].

D. E. Billing and B. J. Hathaway, J. Chem. Phys. 50.

1476 [1969].

A. E. Nikiforov and V. I. Cherepanov, Soviet Phy. Solid

St. 7, 931 [1965].

? H. P. Baltes, J. F. Moser, and F. K. Kneubiihl, J. Phys.

Chem. Solids 28, 2635 [1967].

In some cases correction terms of the type J(S;-S,)2? or

of higher order must be considered (see Refs. 11, 12).

Such terms, commuting with isotropic exchange, have the

only effect of modifying the splittings of the total-spin

levels with respect to the values predicted by the Landé

rule. However, since they do not affect the transitions

within the various total-spin manifolds, which we are prin-

cipally interested in, they will be ignored.

11 H. Tkeda, I. Kimura, and N. Urydi, J. Chem. Phys. 48,
4800 [1968].

P~ W N )

™

10

E. Buluggiu and A. Vera - Effective g Tensor of a Pair of Dissimilar Ions

In the particular case of Cu®>* complexes, where

typically (4g/g) <0.1, it must be, for the two most
used wavelenghts
0.03ecm 1< !J|<30cm™!
0.1em™! <|J/<100cem™?

/~30mm,

A~10mm.
(18)

Thus it can be understood why, in the well known
case of the pentahydrated copper sulphate 22, where
the value of exchange is J~0.15cm™, the E.S.R.
spectrum consists of only one line at ~ 30 mm,
while two lines are resolved at ~ 8.5 mm. On the
contrary, in other typical copper compounds, where
J is of a few cm™!, like those examined by Abe and
Ono %, no resolution is observed in the range
/~32mm—5mm.
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